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Abstract
On the basis of obtained equations of the energy balance for scalar fields in cosmological models, a
hypothesis formulated by the author on the existence of Euclidean limit cycles in cosmological models
based on scalar fields with a Higgs type potential has been confirmed.
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1 Basic equations of the cosmological model
In [1–8] Ignat’ev and coauthors investigated cosmological models based on classical and phantom scalar
fields with potentials of Higgs type. In these works, on the basis of qualitative and numerical analysis,
the hypothesis was expressed, of the possibility of the existence of so-called Euclidean limit cycles to which
cosmological evolution can tend. In the present paper, on the basis of obtained equations of energy balance,
we bring clarity to this question.
In dimensionless variables, the closed system of ordinary differential equations describing the cosmological
evolution of an asymmetric scalar doublet in the case of a spatially flat Universe has the form [1]
3
a′2
a2
=
(
Φ′2 + eΦ2 − αm
2
Φ4
)
−
(
ϕ′2 − εµ2ϕ2 + βm
2
ϕ4
)
+ λm (1)
Φ′′ + 3
a′
a
Φ′ + eΦ− αmΦ3 = 0 (2)
ϕ′′ + 3
a′
a
ϕ′ − εµ2ϕ+ βmϕ3 = 0 (3)
where e and ε = ±1,
λm ≡ λ
m2
, αm ≡ α
m2
, βm ≡ β
m2
, µ ≡ m
m
,
are α and β tare the self-action constants for the classical and the scalar field, respectively, are the masses of
these fields, is the cosmological constant, and the prime denotes derivatives with respect to the dimensionless
time variable τ , connected with physical time by the relation:
τ = mt.
The large parentheses in Eq. (1) are used to gather the contributions to the summed energy density from
the classical field Ec and the phantom field Ep, respectively:
Ec = m2
(
Φ′ 2 + eΦ2 − αm
2
Φ4
)
; Ep =
(
−ϕ′ 2 + εµ2 − βm
2
ϕ4
)
,
pc = m
2
(
Φ′ 2 − eΦ2 + αm
2
Φ4
)
; pp =
(
−ϕ′ 2 − εµ2 + βm
2
ϕ4
)
.
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Introducing the potential energy of the classical field and two phantom field in the manner prescribed in
[1]:
V (Φ) = −α
4
(
Φ2 − em
2
α
)2
; v(ϕ) = −β
4
(
ϕ2 − εm
2
β
)2
, (4)
we write an expression for the normalized effective energy density:
Em(Φ, Z, ϕ, z) = Ec + Ep + Λm =
(
Z2
2
− V (Φ)
)
−
(
z2
2
− v(ϕ)
)
+ Λm, (5)
where
Λm = λm − 1
2αm
− µ
2
βm
(6)
and introduce total normalized energies of two classical and phantom fields:
Ec = Z
2
2
− V (Φ) = Z
2
2
+
α
4
(
Φ2 − e
α
)2
,
Ep = −z
2
2
+ v(ϕ) = −z
2
2
− β
4
(
ϕ2 − eεµ
2
β
)2
, (7)
Em = Ec + Ep,
connected with the standard values of the energies of these fields Ec and Ep by the relations
Ec =
Ec
8pi
, Ep =
Ep
8pi
. (8)
In this notation, Einstein’s equation (Eq. (1)) can be rewritten in dimensionless form:
a′ 2
a2
≡ H2
m
=
1
3
Em. (9)
In dimensionless variables, the closed normal bystem of ordinary differential equations describing the cos-
mological evolution of an asymmetric scalar doublet in the case of a spatially flat Universe has tme form
[1]
Φ′ = Z ′ (10)
Z ′ = −
√
6Z
√
Em(Φ, Z, ϕ, z)− eΦ+ αmΦ3, (11)
ϕ′ = z, (12)
z′ = −
√
6z
√
Em(Φ, Z, ϕ, z) + εϕ− βmϕ3. (13)
2 Equations of energy balance
Multiplying both sides of Eq. (11) by Z = Φ′ and both sides of Eq. (12) by z = ϕ′ with the definition of
the normalized energies of the fields (Eqs. (7)) taken into account, we obtain the equations of balance for
each of the fields:
dEc
dτ
= −
√
6Z2
√
Em, (14)
dEpc
dτ
=
√
6z2
√
Em. (15)
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It follows from these equations that for Em(Φ, Z, ϕ, z) > 0 the total energy of the classical scalar field can
only decrease with time whereas the total energy of the phantom field can only increase. Adding the two
sides of Eqs. (14) and (15), the left side to the left side and the right side to the right side, we obtain the
equation of energy balance:
dEm
dτ
= −
√
6(Z2 − z2)
√
Em ⇒ d
√Em
dτ
= −
√
3
2
(Z2 − z2)
⇒
√
Em(τ0)−
√
3
2
τ∫
τ0
(Z2 − z2)dτ. (16)
A very interesting fact follows from Eq. (16), namely, that for |Z| > |z|1 the effective energy falls with time,
tending to the limit Em → 0. In the opposite case in which the phantom field dominates (|Z| < |z|) the
effective energy can only grow with time, which appears to lead to an instability of the cosmic model.
Concluisons
The obtained result is found to be in agreement with the results of qualitative and numerical modeling of
cosmological models, obtained by the author and his coauthors, for example, in [2–8]. In particular, in the
case of an isolated classical scalar field, when Em. (14) can be rewritten in the form
ϕ ≡ 0⇒ Em = Ec + Λm ⇒ dEm
dτ
= −
√
6Z2
√
Em. (17)
It follows from Eq. (17) that in the case of an isolated classical field with a Higgs interaction potential, over
the course of time, the effective energy tends to zero, i.e., the Universe tends to a Euclidean Universe. Here,
two cases are possible: 1) as Em → 0, Φ2 + Z2 → 0 and Λm = 0; and 2) as Em → 0, Φ2 + Z2 6= 0 and Λm
can take any value. As was shown in the cited works, the second case can be realized, and in this case the
scalar field remains nonzero, completing oscillations supporting dynamical equilibrium.
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1That is to say, in the case in which the classical scalar field dominates.
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